SPLIT REDUCTIONS OF SIMPLE ABELIAN VARIETIES 



JEFFREY D. ACHTER 

ABSTRACT. Consider an absolutely simple abelian variety X over a number field K. We show that if 
the absolute endomorphism ring of X is commutative and satisfies certain parity conditions, then X p 
is absolutely simple for almost all primes p. Conversely, if the absolute endomorphism ring of X is 
noncommutative, then X p is reducible for p in a set of positive density. 



An absolutely simple abelian variety over a number field may or may not have absolutely sim- 
ple reduction almost everywhere. On one hand, let K = Q(Cs)/ arid let X be the Jacobian of the 
hyperelliptic curve with affine model 

t 2 = s(s - l)(s - 1 - C 5 )(s - 1 - Cs ~ C 5 2 )(s -l-Cs-Cl- Cl), 

considered as an abelian surface over K. Then X is absolutely simple |13, p. 648] and has ordinary 
reduction at a set of primes p of density one |ll2l Prop. 1.13]; at such primes X p is absolutely simple. 
On the other hand, let Y be the Jacobian of the hyperelliptic curve with affine model 

t 2 = s 6 - 12s 5 + 9s 4 - 32s 3 + 3s 2 + 18s + 3, 



considered as an abelian surface over L = Q(y2, v — 3). Then Y is absolutely simple [3, Thm. 
6.1], but Y q is reducible for each prime q of good reduction. (The conclusions about the simplicity 
of X p and the reducibility of Y q follow from Tate's description |25| of the endomorphism rings of 
abelian varieties over finite fields.) 

Note that End^(X) <g> Q is the cyclotomic field Q(Cs), while End^Y) ® Q is an indefinite quater- 
nion algebra over Q. Murty and Patankar study the splitting behavior of abelian varieties over 
number fields, and advance the following conjecture: 

Conjecture. [19 . Conj. 5.1] Let X/K be an absolutely simple abelian variety over a number field. The set 
of primes ofK where X splits has positive density if and only ffEnd^(X) is noncommutative. 



(A similar question has been raised by Kowalski; see [14, Rem. 3.9].) The present paper proves 
this conjecture under certain parity and signature conditions on End(X). 

The first main result states that a member of a large class of abelian varieties with commutative 
endomorphism ring has absolutely simple reduction almost everywhere. (Throughout this paper, 
"almost everywhere" means for a set of primes of density one.) 

Theorem A. Let X/K be an absolutely simple abelian variety over a number field. Suppose that either 

(i) End^(X) (g> Q = F a totally real field, and dim X/[F : <Q>] is odd; or 

(ii) End^(X) <g> Q = E a totally imaginary field, and the action of Hon X is not special. 

Then for almost every prime p, X p is absolutely simple. 
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(The notion of "not special" is discussed in Section HI it is satisfied if, for instance, dim X is 
prime.) Conversely, the second main result shows that abelian varieties with noncommutative 
endomorphism ring have split reduction at a set of primes of positive density. 

Theorem B. Suppose X/K is an absolutely simple abelian variety over a number field, and that End^(X) 
is noncommutative. 

(i) For p in a set of positive density, X p is absolutely reducible. 

(ii) Suppose End^(X) ® Q is an indefinite quaternion algebra over a totally real field F, and that 
dimX/2[F : Q] is odd. For p in a set of positive density, X p is geometrically isogenous to the 
self-product of an absolutely simple abelian variety. 

Moreover, there is a finite extension of K such that the set of primes p in Theorem [B] actually has 
density one. 

Special cases of these results are already known. The case of Theorem lAl i) in which End(X) = Z 
is due to Chavdarov [5, Cor. 6.10]; see also the related work of Chai and Oort |4J. An abelian 
surface over a finite field with noncommutative endomorphism ring is absolutely reducible fl20l 
p. 261], and the special case of Theorem |Bji) in which F = Q and dimX = 2 is apparently well- 
known HI Cor. 2]. More recently, Murty and Patankar have shown that if X is either an abelian 
variety of CM type |[T9l Thm. 3.1], or a modular abelian variety with commutative absolute endo- 
morphism ring |l9l Thm. 4.1], then X has simple reduction almost everywhere. 

Ellenberg et al. |10| have addressed a related problem for families of abelian varieties over a 
number field. Specifically, they consider the relative Jacobian of a family of hyperelliptic curves 
y 2 = f(x) (x — t) over K[t], and show that for all but finitely many specializations of t the resulting 
abelian variety is simple. 

The proof of Theorem[B]uses the fact that, if End^(X) is noncommutative, then the Tate module 
Ti(X) is a direct sum of copies of the same representation of Gal(i'C). This, in turn, follows from 
the fact [18] that the first homology of X, as a representation of the Lefschetz group, is isotypic but 
not irreducible. 

The proof of Theorem lAl is more involved, and uses the Chebotarev theorem and the observa- 
tion that if the Frobenius at p acts irreducibly on the £- torsion for some I, then X p is simple. This 
approach was used by Chavdarov in [5, Cor. 6.10] in the special case where the image of Gal(K), 
acting on each X#, is the group of symplectic similitudes GSp 2 ^(Z/^). We give a more detailed 
outline of this strategy in the following example, which gives a quick proof of a special (but typ- 
ical) case of [19, Thm. 3.1]. Let E be a totally imaginary extension of Q of degree 2g. Suppose 
that X/K is an absolutely simple ^-dimensional abelian variety with End^(X) = End^(X) = Oe- 
Further suppose that the CM type of E is nondegenerate in the sense of [15]. For each ratio- 
nal prime I there are Galois representations Px/k,i ( '■ Gal(K) — > Aut(Te(X)) = GL2g(Z^) and 
Px/K,i '■ Gal(JC) — > Aut(X^) = GL2g(7i/l). There is a set of rational primes L (containing all but 
finitely many primes) such that if l\, • • • ,£ r are distinct primes in L, then the image of Gal(K) 
under the product representation Xi<i< r Px/K/j i s x l<i<r(@E ® Z/£,) x (e.g., |2"TH ). 

Let i be any prime at which E is inert, so that (Oe <8> Z/£) x = F x 2? . Let If be the set of elements 
of F x 2? which are members of some proper subfield of ¥ f: 2 g . Note that if ¥ e i g is considered as a 
vector space over Z/£, then elements of If are precisely the elements of F* 2g which acts reducibly 



on F(2g. There exists a constant C < 1 such that for all I inert in E, we have \ 



F x 
P-s 



< c. 
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Let M(X/K) be the set of (finite) primes of K where X has good reduction, and let R(X/K) be 
the set of primes p of good reduction for which X p is reducible. Suppose p G M(X/K), and let 
cr p G Gal(iC) be a Frobenius element at p. Let £ be a rational prime relatively prime to p. The 
Frobenius endomorphism of X p acts as Px/k,z £ (°p) on Ti(Xp) = Tf-(X). If X p is not simple, then 
the Gal(fc(p))-module F^(X p ) is reducible, and in particular Px/K,i( a p) ac ^ s reducibly on X p ^ := 
Xp [£] (k(p) ) . Therefore, if there exists one prime £ such that Px/k,|(°p ) ac * s irreducibly on X p ^, then 
X p is simple. 

So, let £%, • ■ ■ , l r be distinct primes in L at which E is inert. Let R(X/K; £ x , ■ ■ ■ , £ r ) C M(X/K) be 
the set of primes p such that for each 1 < i < r, p x/K/ .(<j p ) G k r ThenR(X/K) C R(X/K;£ lr - ■ ,£ r ) 

By the Chebotarev theorem, the density of R(X/K; l x , ■ ■ ■ , £ r ) is flLi I h \ I F x „ < C. Since C < 1 

and we may take an arbitrarily large set of rational primes inert in E, the density of R (X/K) is zero, 
and the density of its complement is therefore one. 

Generalizing this argument to other abelian varieties with commutative absolute endomor- 
phism ring requires calculating the image of the Galois representations Px/k,Zc which is conjec- 
turally described by the Mumford-Tate conjecture (see Section[3]); showing that a positive propor- 
tion of elements of p x / K ((Gal(K) ) act irreducibly on the Tate module (Section[T]); and axiomatizing 
the foregoing argument (Section [2}. 

Quite recently, Banaszak et al. have extended the methods of [2J to abelian varieties of type III, 
which allows an extension of Theorem l5.4l to the case of definite quaternion algebras. Also, Zywina 
points out that sieve methods (e.g., those of [28]) can be used to make the density one statements 
in Section |4] more explicit. I will explain both of these developments in detail elsewhere. 



1. Groups of Lie type 

If B is a finite A-algebra, let R B / A denote Weil's restriction of scalars functor. 
Group schemes G/Z[l/A] of the following forms arise as the images of Galois representations 
considered here: 

(A) There exist a totally imaginary field E with maximal totally real subfield F; an Oe [1 /A]~ 
module V which is free of rank 2r over Op[l/A]; and an 0E[1/A]-Hermitian pairing 
(•,•) on V; such that G is the Weil restriction G = Ro £ [i/a]/z[i/a] GU(V, (•, •)). Let 

/ r. L " ! 

(C) There exist a totally real field F; a free Of [1 / A]-module V of rank 2r; and an Of [1/A]- 
linear symplectic pairing (•,•) on V; such that G = Re> P [iM]/z[i/A] GSp(V, (•, •)). Let 
Z = F. 

The center ZG of G satisfies ZG(Z[1/A]) = O z [l/A] x . The adjoint form of G is G ad := G/ZG. 
For each £ inert in Z, let T an C G(Z/£) be a maximally anisotropic maximal torus. 

In case ©, the derived group of G is G der = R 0e [i/a]/z[1/a] SU(V, (•, •)). Note that G(Z/£) = 
G\J(V ® O e /£, {; ■)), and G der (Z/^) S S\J(V ® O e /£, {; •))• In particular, if £ is a rational prime 
inert in E, then G der (Z/£) ^ SU r (0 E /£). Moreover, if r is odd, then Tf n acts irreducibly on 
V <g> TLjl; while if r is even, then Tf n stabilizes two subspaces which are in duality with each other. 
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In case (0, the derived group of G is G der = R 0f [i/ A ]/z[i/A] Sp(V, (•, •))• Note that G(Z/£) = 
GSp(y ® F /£, (;■)) and G der (Z/^) ^ Sp(V <g) (•,•)). In particular, if £ is a rational prime 

inert in F, then G der (Z/£) ^ Sp 2r (0 F /£). Moreover, Tf n acts irreducibly onV® Z/£ 

Let G be a group scheme over Z[l/A]. For a rational prime £\A, let /^(G) be the set of all x £ 
G(Z/£) for which the connected component of the centralizer of x is a torus which is maximally 
anistropic. Let Ii(G) be the complement G(Z/£) — Je(G). Let Je /m {G) be the set of x such that 
x m S Je{G), and let I( /m (G) be its complement. Each of these sets is stable under conjugation. For 
G of type (A) or <(C]), x € Jf(G) if and only if x is G(Z/^)-conjugate to a regular element of T an . 

Say that an abstract group Hg is of type G{Z/£) if there are inclusions G der (Z/£) C Hg C 
G(Z/£). For such a group i-fy, let k /m (He) = Hg n k ifn (G), and let J(, m (Hg) = Hg n Jg, m {G). 

Lemma 1.1. Suppose G/Z[l/A] is a group of type (fA)), or ((C)), and Zef mbea natural number. There exists 
a constant C = C(m, G) suc/i f/ia£ z/£ zs merf m Z and sufficiently large, and if Hp is of type G(Z/£), then 
\k, m (H £ )\/\Hi\ <C. ' ' - . <- 

Proof. First, for each m S N we show the existence of a positive constant Do(m, G) such that for 
all sufficiently large £ inert in Z, |/^ m (G)|/|G(Z/£)| > Do(m, G). Subsequently, we show how to 
deduce a uniform statement for all Hg of type G(Z/£). 

Let r; be the set of regular elements of Tf\ and let T^ m be the set of x € Tf n such that x m G TJ. 
There are monic polynomials / and /* of the same degree such that | T| n | = f{£) and T| = /* (^) 
ffl| . (In fact, |TlT| works out the analogous polynomials for T| Pi G'(Z/£)|, but the result for 
G(Z/£) itself follows immediately.) Therefore, there exists a constant B such that, if ^ 3> 0, then 

I T £ I / 1 T e n I > 1 _ B l L B y considering the fibers of the m th power map, we see that T* m / 1 Tf 1 \ > 
1 - mB/L 

An element of G(Z/£) is in Jg /tn (G) if and only if it is conjugate to an element of Tg m - The 
normalizer Ng = N G (^)(T an ) is an extension of a finite group W by T an ; the group W depends 
on G, but not on £. Moreover, T^ m is stable under the action of Ng. We obtain the estimate 

\h, m (G)\ _ 1 f\G(Z/£)\. 

1 c 
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This shows the existence of Do(m, G) with the desired properties. Membership in Jg >m (G) is well- 
defined on cosets modulo the center of G. Therefore, the proportion of elements of G ad {Z/£) 
which are (represented by) elements whose m power is maximally anisotropic is also at least 
D (m,G). 

Now let H( be any group of type G(Z/£), and let H ad = Hg/(ZG(Z/£) n Hg). There is an 
inclusion of groups H ad G ad (Z/£), with cokernel a finite cyclic group whose order n divides 
the rank of G. 

Suppose x S Jt,mn{G)- The equivalence class of x n modulo the center is represented by an 
element h of Hg. Moreover, for such an h, h m = x mn mod ZG(Z/£) is maximally anisotropic 
modulo the center. The elements of G ad (Z/£) which are maximally anisotropic give rise to at 
least ^Do(mn, G)\G ad (Z/ £)\ distinct maximally anisotropic elements of H ad . Let D(m,G) = 
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min{ ji D o (mn, G) : n|rank(G)}. Then one may take 1 — D(m,G) for C(m,G) in the statement 
of Lemma [Lll □ 

Remark 1.2. For groups of type (0, the case m = 1 and Hp = G(Z/£) of Lemma ITTT1 is proved in 
Cor. 3.6]. 

Lemma 1.3. Let G/Z[l/A] be a group. Suppose that either G is of type ((A]) with r > 2 or that G is 
of type ((Cj). Let £\, ■ ■ ■ ,£ m be distinct rational primes which are inert in Z. Let H be a subgroup of 
G der (Z/ (n^i)) suc h that for each i, the composition H ^ G der (Z/ (rHi)) ~> G deT (Z/£j) is surjective. 
ThenH = G der (Z/(Y\£i))- 

Proof. This is Goursat's lemma |22l p. 793]; see also [5, Prop. 5.1]. The hypothesis guarantees that 
the adjoint groups G ad (Z/^-) are distinct nonabelian simple groups. □ 

Lemma 1.4. Let r 6 H and let F be a finite field, with F G" {F2,F4,F3,F9}. Suppose that either G is 
GU r /F and r > 2 or that G is GSp 2r /F. Let G der be the derived group ofG, let G ad be the adjoint form of 
G, and let a : G —> G ad and p> : G der — * G ad be the canonical projections. Let H C G(F) be a subgroup. 
lffi- l {a{H)) = G der (F), then H contains G der (F). 

Proof. This is standard; the hypothesis on F rules out exceptional cases. □ 



2. Abelian varieties 

Let X/k be a principally polarized abelian variety over a field k. For each rational prime £ 
invertible in k, let T t (X) be the ^-adic Tate module of X, and let X t := X[£](k) = T t (X)/£T t (X). 
Then TpX and Xp come equipped with an action by Gal(fc). Let Px/k,z e '■ Gal(fc) — * Aut(T^(X)) 
and Px/k,£ '■ Gal(fc) —* Aut(X^) be the associated representations, with respective images H X /^ Z( 
and H x /k,e- Let H x / k/ Q ( be the Zariski closure of H x /k,z { i n Aut(T^ (X) (8) Q). 

Suppose X is simple. Then the endomorphism algebra D(X) = End(X) ® Q is a central simple 
algebra over a number field E(X) with positive involution. Let F(X) C E(X) be the subfield fixed 
by the involution. Then F(X) is a totally real field, and either E(X) = F(X) or£(X) is a totally 
imaginary quadratic extension of F(X). Let /(X) = [F(X) : Q], let e(X) = [E(X) : Q], and let 
d(X) = V[D(X):E(X)]. 

If X and Y are isogenous abelian varieties, write X ~ Y. 

If X is a number field, let Mk be the set of (finite) primes of K; if p G M^, denote its residue 
field by /c(p). Suppose X/K is an absolutely simple abelian variety. As in the introduction, let 
M(X/K) C Mk be the set of primes of good reduction of X. It is convenient to distinguish the 
following subsets of M(X/K): 

• S{X/K) = {p G M(X/K) : X p is simple}; 

• S*(X/K) = {p G M(X/K) : X p is absolutely simple}; 

• R(X/K) = {p G M(X/X) : X p is reducible}; 

• R*(X/K) = {p G M(X/K) : X p is absolutely reducible}. 

Then R(X/K) is the complement of S(X/K); R* {X/K) is the complement of S* (X/K); S* (X/K) C 
S(X/K); and R*(X/K) D R(X/K). In this notation, |Tl9l Conj. 5.1] states that S(X/K) has density 
one if and only if End^(A) is commutative. 
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Many attributes of X^, the base change of X to an algebraic closure of K, are already detectable 
over a finite extension of K. Consider the following condition on an abelian variety X over a 
number field K and a finite, Galois extension K' /K: 

Endj<'(X) = End^(X); for all but finitely many p G 
, M(X/K), if p' G M(X/K') is a prime which divides p, and 

if X p / is simple, then X p is absolutely simple; and Hx/^/ q^, is 
connected for each rational prime £. 

Lemma 2.1. Let X/K be an abelian variety over a number field. Fix a natural number n > 5, and let 
K' /K be a finite, Galois extension which contains the field of definition of all n-torsion points ofX. Then 
(X/K r K') satisfies (21). 

Proof. There are three conditions in (|2.1|) . The first follows from Silverberg's criterion Ij23l Thm. 
2.4]. The second follows from this and the fact that, if p is relatively prime to n, then X[n] (K') <^-> 
X p /[n](K(p')). The final condition is El Thm. 4.6]. □ 

In Lemma |2T] if one insists that n be divisible by two distinct primes n\ and n^, each of which 
is at least five, then the second condition of (|2.1|) holds for all primes p G M(X/K). 

Throughout this paper Lemma 12.11 will be used, often implicitly, to show the existence of an 
extension K'/K such that (X/K, K') satisfies (jZTJ. 

We will often work with an abelian variety X/K, a group scheme G /Z[l / A], and an infinite set 
of rational primes L C Mq relatively prime to A which satisfy the following hypotheses: 

The abelian variety X is absolutely simple. For each £ G Mq, 
Hx/k,£ is isomorphic to a subgroup of G(Z/£). For each £ G 
L, H X j K ^ is of type G(Z/£). For each finite subset A C L, 
the image of Gal(-K) under x i^aPx,( is x teAH-x/K,b 

If (X/%G/Z[1/A],L) satisfies (|22]), and if A C Mq is any set of primes, let I(X/K;G; A) C 
M(X/K) be the set of primes p such that for each £ G A and each Frobenius element <t p G Gal(i'C) 
at p, PxA a p) e k(G). Its complement }{X/K; G; A) is the set of primes p G M(X/K) for which 
there exists some prime £ G A such that p X/ e(crp) G Je(G). 

Let I(X/K;G) = I(X/K;G;M q ) and let }(X/K; G) = J(X/K;G;M Q ). Note that for any A C 
Mq, I(X/K;G) C I(X/K;G;A) and J(X/K;G;A) C J(X/K;G). 

Lemma 2.2. Suppose (X/K, G/Z[1/A],L) satisfies (J2.2|) . Suppose that there is a constant C < 1 such 
that for each £ G L and each group Hp of type G{7L/t), |J^(H^)|/|H^| < C. Then }(X/K;G) has density 
one. 

Proof. Let AcLbea finite subset. The Chebotarev density theorem, applied to the representation 

x (gaPx/k,£ of Gal (K), shows that the density of I(X/K; G; A) is Y\( G a Ie(Hx/K,e) I Hx/K,e , which 

is less than Cl A L By taking A arbitrarily large, we find that I(X/K; G) has density zero and its 
complement, J(X/K;G), has density one . □ 

Recall that if G is of type |(C]), or of type (fA) with r odd, and if £ is inert in Z, then the natural rep- 
resentation of GCL/£) is an irreducible module over Tf n . Equivalently, some semisimple element 
of G(Z/£) acts irreducibly onV®Z/£. 
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Lemma 2.3. Suppose (X/K, G/Z[1/A],L) satisfies i2.2) . Suppose p G M(X/K), and let cr p foe fl Frofoe- 
nius element at p. If Px/K,e( a p) S }ii(G), and if some semisimple element of GifL/ 1) acts irreducibly on 
Xi, then the reduction X p is simple. 

Proof. Let £ be a rational prime relatively prime to p, and suppose Px/K,e{°~v) € Je(G). Then the 
group {Px/k,i{°'p)) ac ts irreducibly on X^, so that (px/K,z l (°p)) ac t s irreducibly on Tg(X). The Tate 
module of X is an irreducible Gal (x(p)) -module, thus the abelian variety X p /k(p) is simple p5l 
Thm. 1(b)]. □ 

Lemma 2.4. Suppose (X/K, G/Z[1/A],L) satisfies 02.21 ), and iftaf G is of type (A} an'fn r ez?en. Suppose 
I G L is inert in Z, and £/zaf p G M(X/X). |f <r p is a Frobenius element at p, if Px/k/X^p) € Je(G), and if 
X? is the natural representation ofG(Z/£), then the reduction X p is simple. 

Proof. Possibly after conjugating, assume that t := Px/K,e( a p) ^ es m ^7"- R ecai l t na t Tf n stabilizes 
two maximal isotropic subspaces Wj and W2 of X( which are in duality with each other; the action 
of Tf n on W2 is the Frobenius twist of its action on Wi . By Tate's theorem, either X p is irreducible, 
or Xp ~ Yj x Y 2 with each Yj irreducible. In the latter case, the polarization would place Y\ and Y2 
in duality, and in particular Y\ and Y2 are isogenous. However, since t is a regular element of Tf n , 
its eigenvalues on Wi are distinct from its eigenvalues on W2. Therefore, X p is irreducible. □ 

Lemma 2.5. Suppose (X/K, G/Z[1/A],L) satisfies j2.2} . Suppose that there is a constant C < 1 such 
that for each £ G L and each group H( of type G(Z/£), \h(H() |/|H^| < C. Suppose that for each £ G L, 
either 

(a) some semisimple element ofGCL/t) acts irreducibly on Xj,; or 

(b) G is of type (fAj), r is even, £ is inert in Z, and Xp is the natural representation. 
Then S(X/K) has density one. 

Proof. Part (a) follows immediately from Lemmas 12.21 and 12.31 Part (b) follows from Lemmas 12.21 
andim ' □ 

In the other direction, we have: 

Lemma 2.6. Suppose X/K is an absolutely simple abelian variety over a number field, and suppose 
p G M(X/K). Suppose that there exist a prime £ relatively prime to p, an integer d > 2, and a Q^- 
representation W Qe ofGal(K) with 7)(X) <g> Q = W® d as Gal(K)-module. 

(a) There are simple abelian varietes Y\, . . . , Y s over <(p) such that 
(2.3) X p -Y 1 ei x.--xYf. 

For each j with 1 < j < s, d\ej ■ d(Yj). 

(b) If the residue field k(p) is afield of prime order, then each ej > d. In particular, X p is not simple. 

Proof. Recall that f v (t), the characteristic polynomial of Frobenius of X p , coincides with the char- 
acteristic polynomial of Px/k,z, ( a v)- Since T f (X) <g> Q = Wq , there exists a polynomial g Pi e(t) G 
1>i(t) with f p (t) = g v ,e(t) d . Note that f p and g Pi i are both monic. By inductively analyzing the 
coefficients of g Pl e(t) (in descending order), one sees that gp,e(t) G Q[f] flZ<?[f] C Qe[t]i by Gauss's 
lemma, gp t i(t) G Z[f]. Factor g P/ e(t) = gi(t)" 1 ■ ■ ■ g s (t) as as a product of powers of distinct irre- 
ducible polynomials, so that f p (t) = gi(t)" ld ■ ■ ■ g s (t) asd . Consider some j with 1 < ; < s. By 
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the theory developed by Tate and Honda |25l Thm. 1(b) and Thm. 2(e)] [26, Thm. 1 and Rem. 2], 
there is a simple abelian variety Yi over tc(p) with characteristic polynomial of Froberuusgy(f) d ( y ^. 
Moreover, any abelian variety over fc(p) with characteristic polynomial divisible by gj(t) contains 

a sub-abelian variety isogenous to Yy. From this the decomposition (|2.3[) follows, where ej = 
This proves (a). 

For (b), a simple abelian variety over a prime field has commutative endomorphism ring. (This 
follows from 11261 Thm. l(ii)], and was noted in [6J p. 469].) Therefore, each Yj has commutative 
endomorphism ring; d(Yj) = 1; and each exponent ej in (|2.3|) is a multiple of d > 2. □ 

Lemma 2.7. Suppose (X/K, G/Z[1/A],L) satisfies (|2.2|) , where X is an absolutely simple abelian vari- 
ety. Suppose there is a constant C < 1 such that for each £ G L and each group Hp of type G(Z/£), 
| Ig(Hi) \/\Hf \ < C. Suppose there is an integer d > 2 such that for each I G L there exists an irre- 
ducible Ga\(K)-module Wq ( with Tp(X) (g) Q = Wq . Finally, suppose there exists a G Gal(K) such that 
Px/K,z t ac ^ s irreducibly and semisimply on Wq ( . Then for p in a set of density one there exists a simple 
abelian variety Y p //c(p) such that X p is isogenous to Y® d . 

Proof. Suppose p G M(X/K), and choose f G L prime to p. Let g Pi e(t) G Z[f] be the character- 
istic polynomial of cr p acting on Wq ( via Px/k,Z,/ an d let fp(t) be the characteristic polynomial of 
Frobenius of X p . We have seen (Lemma |23)> that f p (t) = g Pi i{t) d . 

By Lemma I2T21 J(X/K; G) has density one. If p G J(X/K; G), then cr p acts irreducibly on Wq £ , 
and thus g p ,t{t) is irreducible (over Q). Therefore, for such p, s = 1 in (|2.3|l , and X p ~ Y e for some 
e with d(Y) ■ e = d. 

If we further restrict p to have residue degree one (which is still a density-one condition), then 
d(Y) = 1 and e = d (Lemma Hfc)). □ 

In fact, we will need slightly stronger variants of Lemmas 12.51 and 12.61 

Proposition 2.8. Let X/K be an absolutely simple abelian variety over a number field, and let K'/K be 
a finite Galois extension of degree m such that (X/K,K') satisfies (|2.1|) . Suppose (X/K', G/Z[1/A],L) 
satisfies j2.2) . Suppose that there is a constant C < 1 such that for all £ G L and each Hg of type G(Z/£), 
\h,m(Hi)\/\Hl\ < C. Suppose that for each £ G L, either 

(a) some semisimple element of G(7L/€) acts irreducibly on X^; or 

(b) G is of type ((A]), r is even, £ is inert in Z, and Xp is the natural representation. 

Then S*(X/K) has density one. 

Proof. We indicate how to prove Lemmas 12.21 and 12.31 in this more general setting. This will prove 
Proposition 12.81 under hypothesis (a); the result for hypothesis (b) is entirely analogous. Let B = 
Gal (K'/K), and for each £ let Bg = Hx/k/I^-x/k'/- Then Bg is a quotient of B. 

Let J m (X/K; G) be the set of primes p G M(X/K) for which there exists some £ G L such that 
Px/K,f( a p) m e Jf(G),i.e., such that Px/K,e(<?p) G Je,m( H x/K,e)- We start by showing that J m (X/ K; G) 
has density one. 

Suppose A C Lisa finite set. The hypothesis (|2.2|l , applied to the subgroup YlteA Hx/K',£ 
°f n^eA H-x/K,l> implies that there is a quotient B& of B such that the image of Gal(X) under 
x £gaPx/k,£ is a n extension of B A by Fife a H x/x ^. 
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Suppose £ G L. Since \Bp\ is bounded independently of I, by hypothesis there exists a constant 
C < 1 such that 

Hx/K,e - Je,m(G) 



Hx/K,e 



<C. 



As in Lemma IZ2l this implies that the set J m (X/K; G) has density one. 

Suppose p G f m (X/K; G) is not one of the finitely many exceptional primes allowed by (|2.1|> , 
and choose an £ such that pi(cfp) G J^, m (G). Not only is X p simple, but it is absolutely simple. 
Indeed, let p' G M(X/K') be a prime lying over p; then Pe{o"™) is a power of the mod-£ reduction 
of the Frobenius element of X p / = X p x K ( p ) k(p'), and X p / is simple. Moreover, fc(p') contains the 
field of definition of the n-torsion of X p . Since X p is simple over k(p') (Lemma I2.3[) , it is absolutely 
simple (by d2j)). 

Since J m (X/K;G) C S*(X/J<C), the set of primes at which X has absolutely simple reduction has 
density one. □ 

Proposition 2.9. Suppose X/K is an absolutely simple abelian variety over a number field. Suppose that 
there exist a finite Galois extension K' /K, an integer d > 2, and an infinite set of primes L such that for each 
IgL there exists a representation Wq ( ofGal(K') such that T^(X) <g>Qg = Wq£ as Gal(K')-module. 

(a) For p in a set of density at least 1/[K' : K], there exists an abelian variety Y p over k(p) such 
that X p ~ Y® d . 

(b) Suppose (X/X',G/Z[1/A],L) satisfies (IZ2l . and that (X/K,K') satisfies ((Zl) . Suppose 
there is a constant C < 1 such that for each £ G L and eflcfo group Hp of type G(Z/£), 
\Il(Hi)\/\H£\ < C. Suppose there exists a G Gal(_K') such that Px/k',z £ (°') ac ^ s irreducibly 
and semisimply on Wq ( . Then for p in a set of density at least 1/[K' : K], X p x fc(p) ~ Yf for 
an absolutely simple abelian variety Y p /k(p). 

Proof. Let T(X/K, K') be the set of primes p G M(X/K) which lie under some p' G M(X/K') with 
prime residue field. (Note that T(X/K,K') has density at least 1 / [K' : K].) Ifp G T(X/K,K'), then 
X p / is reducible by Lemma |2~6T b). Since »c(p') = k(p), X p is reducible, too. This proves (a). 

Now supposes the hypotheses of (b) hold. Let T*(X/K') be the set of primes p' G M(X/K') such 
that X p / is isogenous to Y®, d for some simple abelian variety Yp//K(p'). By hypothesis ( p.lfr , such a 
Yp/ is actually absolutely simple. By Lemma [2T7T T*(X/K') has density one; the set of primes of K 
lying under elements of T* (X/K' ) has density at least 1/[K' : K]. □ 

3. LEFSCHETZ GROUPS 

Suppose X/K is an abelian variety whose endomorphism algebra is a (noncommutative) divi- 
sion algebra. In this section we show that the representation of Gal(lC) on T^(X) is isomorphic to 
a several copies of the same representation. The result follows from an analogous description of 
Lefschetz groups due to Milne, whose treatment [18J we follow here. 

Consider a Weil cohomology theory X i— > H*(X) with coefficients in a field k of characteristic 
zero. Examples of such a theory include Betti cohomology (for varieties over C) and £-adic co- 
homology. If X is an abelian variety, let V(X)jt be the dual of its first cohomology group in this 
cohomology theory. For example, V(X)q £ = (X) ®% Q; and if X is a complex abelian variety, 
then V(X)q is its first Betti homology Hi (X(C), Q). 
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In this context there is a Lefschetz group Lef(X)^, an algebraic group over k which is naturally 
a subgroup of GL(V(X)fc). It is the largest subgroup which fixes the (suitably Tate twisted) coho- 
mology classes of cycles on powers of X which are linear combinations of intersections of divisor 
classes. 

Suppose X is a simple abelian variety; recall the conventions surrounding the endomorphism 
algebra D(X) = End(X) <8> Q introduced in Section|2l Say that k totally splits D(X) if E(X) = 
©r:E(x)^ = k® e ( x \ and if for each t : E(X) ^ k, one has D(X) ® E {X),rk- Mat d(x) (A:). 

Lemma 3.1. Let X be an absolutely simple abelian variety. Consider a Weil cohomology theory with 
coefficients in afield k, and suppose that k totally splits D(X). There is a representation of Lef(X)^ 

such that y(X); c = W® d ^ as Lef {X) ^-representations. 

Proof. Suppose k is algebraically closed. There exists an algebraic group Lef(X)j- and a natural 
isomorphism t : Lef(X); c = © cr:F (x)^fcLef(X)jt ffTHl Sec. 2]. Moreover, there exists a representation 
Vk of Lef(X)j- such that, under the isomorphism i, V(X)k and ®a-.F<x)^k^k are isomorphic 
representations of Lef(X)^. Then := ® a :F(X)^k^k is the sought-for decomposition of V(X)j c 
as Lef(X)^ representation. The analysis in [18, Sec. 2] relies only on the fact that the field of 
coefficients totally splits the endomorphism algebra, and thus the result holds under this weaker 
hypothesis on k. □ 

Recall that for an abelian variety X over a number field K, H x /K-<Q e ^ s the Zariski closure of 

Px/K,z f (Gal(K))inGL(V(X) Q( ). 

Lemma 3.2. Let X/K be an absolutely simple abelian variety over a number field. Suppose totally 
splits D(X). Suppose that H x / k .q ( is connected. There is a representation Wq e o/Gal(X) such that, as 
Ga\(K)-modules, 

V(X) Qf -W«. 

Proof. Fix an embedding K e — > C, so that X has a natural structure of complex abelian variety. 
Associated to X is its Mumford-Tate group MT(X). It is an algebraic subgroup of GL(V(X)q), 
and there is a natural inclusion MT(X) C Lef(X)Q. Since comparison isomorphisms in cohomol- 
ogy furnish isomorphisms of Lefschetz groups, there are thus natural inclusions MT(X) x Qg C 
Lef(X)Q x Qf = Lef (X)q £ . Work of Deligne, Piateskii-Shapiro and Borovoi (see, for example 10 
Prop. 2.9 and Thm. 2.11]) shows there is a natural inclusion 

(3.1) H x/mt QMT(X)x Q Q ( . 

(In general, (|3.1[) holds only for the connected component H X ^ K ,^ ; the Mumford-Tate conjecture 
asserts that j3.Hl is actually an equality.) By Lemma 13.11 there exists a representation Wq ( C 
V(X) Qt such that V(X) Qc W® rf(X) . Therefore, V{X) Qc W®f X) as H x/w modules, and 
thus as Gal (K) -modules. □ 

4. Commutative endomorphism ring 

Theorem 4.1. Let X/K be an absolutely simple abelian variety over a number field. Suppose F = 
End^(X^) ® Q is a totally real field. If r = dimX/[F : Q] is odd then S*(X/K), the set of primes 
where X has good, absolutely simple reduction, has density one. 
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Proof. Using Lemma IZll choose a finite Galois extension K'/K such that (X/K,K') satisfies $2.1} . 
Let G = R.0 F /z GSp 2f/ with derived group G der = Ro f /z Sp 2) .. For all £ ^> 0, the derived group of 
Hx/K'J. is G der (Z/£) [2, Thm. B] (see also 121 for the case r = 1), so that H x/K , 4 is of type G(Z/£). 
Moreover, X( is the natural representation of H x / K , e . By Lemmas 1 1 . 1 1 and lL3l and Proposition l2.8[ 

S*(X/K) = 1. □ 

Theorem 4.2. Lef X/Kbe an absolutely simple abelian variety over a number field. Suppose there is some 
prime £q such that H x / K/ q ( = GSp 2 g(Qi )- Then S*(X/K) has density one. 

Proof. There is always an a priori inclusion H x /k,q ( Q GSp 2 g{Qe)- Since if the Mumford-Tate con- 
jecture is true for X at one prime £q it is true at all primes [16} Thm. 4.3], the hypothesis holds 
for every rational prime £. A theorem of Larsen [l7l Thm. 3.17], combined with Lemma 11.41 
implies that for £ in a set of primes L of density one, the derived subgroup H X J K e of the im- 
age of p x /K,e is Sp 2 g(2V^)- Choose an extension K'/K such that (X/K,K') satisfies (|2.1)) . Then 
Hff K , t ^ Sp 2g (Z/£) for I in a set of primes L' C L which still has density one. Again, Lemmas 
O and O and PropositionlXBlshow that S* (X/K) has density one. □ 

Remark 4.3. Under the hypotheses of Theorem 14.21 Chai and Oort show that S(X/K) has positive 
density [4, Rem. 5.4]. Under the apparently stronger hypothesis that H x / K i = GSp 2g (Z/£) for all 

£ > 0, Chavdarov shows that S* {X/K) has density one Cor. 6.10]. 

Let X/K be an absolutely simple abelian variety of dimension g such that D(X) = End^(X) <g> 
Q = E, a totally imaginary extension of Q. Let r = 2^/[E : Q]. Fix an embedding E > C; 
the tangent space Lie(Xc) of Xc is a ^-dimensional vector space over C, and thus a module over 
E ®q C = t: e^cC- Let m T be the C-dimension of the subspace of Lie(Xc) on which E acts 
via t. For t G hom(E, C), let t denote the composition of r with complex conjugation. Then 
m r + m f = r is independent of the choice of t. 

Vasiu has proved the Mumford-Tate conjecture for X, provided that the action of E on X is non- 
special p7l Thm. 1.3.4]. We defer a full exposition to loc. cit., but note that each of the following is 
an example of a non-special action |27T 6.2.4]: 

(i) r = 4 or r is prime; 

(ii) there exists are hom(E, C) such that m r = 1; 

(iii) there exist r and r' such that 1 < m T < m r i < r/2 and either gcd(m T ,r) or gcd(m T ',r) 
is 1; 

(iv) there exists a r such that gcd(m T , m f ) = 1, and the natural numbers (m r , m t ) are not 
of the form ((ylj/ ('•)) for any natural numbers i and 

The case of the Mumford-Tate conjecture where [E : Q] = 2 and r = g is prime is due to Chi [8 , 
Cor. 3.2]. 

Theorem 4.4. Let X/K be an absolutely simple abelian variety over a number field. Suppose E := 
End^(X^) (g) Q is a totally imaginary field, and that X is of non-special type. Then S*(X/K) has den- 
sity one. 

Proof. Since Murty and Patankar have proved this result for abelian varieties of CM type [191 
Thm. 3.1], we assume that 2 dim X/[E : Q] > 1. Let K'/K be a finite extension such that (X/K, K') 
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satisfies (p.!)) . By |27l Thm. 1.3.4], the Mumford-Tate conjecture is true for each representation 
Px/K,Q e \Gai(K')- More precisely, there is a group G/Z[l/A] of type ((A)) such that for almost all I, the 
Zariski closure of H x /k',<q c is isomorphic to a subgroup of G(Q|) which contains G der (Q<?). By [171 
Thm. 3.17] and Lemma [Ol there is a set of primes L of density one such that for I £ L, H x /K>,e 
is of type G(Z/€). Moreover, X^ is the natural representation of H x /k',1- Since the groups G(Z/£) 
satisfy Goursat's lemma (Lemma 11.31 ), S*(X/K) has density one by Lemma [1.1 1 and Proposition 
IZ51 " □ 

Via the Torelli functor, these results yield information about curves. For example, consider the 
following condition on a curve C over a field 



(4.1) If C — > D is finite of degree at least 2, then D has genus zero. 

If the Jacobian Jac(C) is simple, then C satisfies (I4.1D . The converse is true if the genus of C is at 
most 6, since almost every principally polarized abelian variety is a Jacobian in dimension at most 
3. 

Corollary 4.5. Let C/K be a curve of genus of odd prime genus g over a number field such that C/K 
satisfies (14.11 ). Suppose that either g 6 {3, 5} or that Jac(C) is absolutely simple. For almost all primes p, 
C p /x(p) satisfies (|4.H> . 

Proof. By hypothesis (and the preceding discussion), Jac(C) is absolutely simple. A simple abelian 
variety of odd prime dimension over a number field has commutative endomorphism ring. This 
endomorphism ring is totally real or totally imaginary; and in the latter case, the action is not 
special. Now use Theorem 14. 1 1 or l4~4l as appropriate. □ 

In general, a curve C which satisfies (|4.1[) need not have reductions C p satisfying (|4.1[) for a dense, 
or even infinite, set of primes p. Indeed, let C be the second curve considered in the introduction. 
Then Jac(C) is simple, thus C satisfies (|4.1[) ; but for each prime p of good reduction, Jac(C p x <c(p)) 
dominates, and thus C p covers, an elliptic curve. 

5. NONCOMMUTATIVE ENDOMORPHISM RING 

Recall the definitions of D(X) and d(X) from Section[2j 

Proposition 5.1. Let X/K be an absolutely simple abelian variety over a number field. Suppose that 
End^(X^) is noncommutative. 

(a) Then R(X/K), the set of primes p such that X p is reducible, has positive density. 

(b) if Endx(X) = End^(X) and H x /K,Q e zs connected, then R(X/K) has density one. 

Proof. Let K' /K be a finite extension such that (X/K,K') satisfies (|2.1[) ; such an extension exists by 
Lemma |2TT] The conclusion of (b) for X^ implies the conclusion of (a) for X. Therefore, it suffices 
to assume End^(X) = End^(X) and that H x /K,Q e is connected, and then prove that R(X/K) = 
M(X/K). 

Consider the set L of primes t such that Q( totally splits D(X). Note that L has positive density, 
and in particular is infinite. Suppose i G L. By Lemma 13.21 there exists a representation Wq e 

of Gal(K) such that T e (X) ® Q 9* W® d(X) as Gal(i()-module. Note that d(X) > 1 since D(X) is 
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noncommutative. By Lemma l2T6l for p in a subset of M(X/K) of density one, X p is isogenous to 
Yf (X) for some abelian variety Y p / k ( p ) . □ 

Remark 5.2. In the special case of an abelian surface X with action by an indefinite quaternion 
algebra, X has absolutely split reduction at every prime of good reduction. This is explained in 
detail in |20] Sec. 2]; see also LH Rem. 5.(ii)]. It is possible that Lemma l5T3l will yield a generalization 
of this. In the context of Proposition [5T] Murty and Patankar show [19 . Prop. 5.4] that X p is not 
simple at any prime p of ordinary reduction. 

Lemma 5.3. Let X/K be an absolutely simple abelian variety over a number field with noncommutative 
endomorphism algebra D(X). Let A be the product of all (finite) primes of E(X) which ramify in D(X). 
Suppose p S M(X/K) is relatively prime to A. Then E(X p ) is ramified at every prime dividing A. 

Proof Suppose X p is simple, and let p be the characteristic of <(p). The inclusion End(X) > 
End(X p ) forces D(X p ) to be noncommutative. By |25l Thm. 2(e)], D(X p ) is split at all primes not 
dividing p. In particular, D(X p ) is split at all primes not dividing A. Since only a ramified field 
extension splits a division algebra over a local field, E(X P ) must ramify at all primes dividing 
A. 1 □ 

If the endomorphism ring of X is an indefinite quaternion algebra, one knows more about the 
structure of the reductions X p : 

Theorem 5.4. Let X/Kbean absolutely simple abelian variety over a number field. Suppose that End^(X^) 
Q is an indefinite quaternion algebra over a totally real field F. if dim X/2[F : Q] is odd, then for p in a set 
of positive density, X p is geometrically isogenous to the self-product of an absolutely simple abelian variety 
Y p /fc(p) of dimension (dimX)/2. 

Proof. Let K'/K be a finite extension of K such that (X/K, K') satisfies (|ZT|) . By (21 Thm. B], Lemma 
ll.ll and Lemma IT31 there exists a group G/Z[l/ A] of type 10 and an infinite set of primes L such 
that (X/K',G/Z[1/A],L) satisfies Q. Moreover, there is a G-module W/Z[l/A] such that for all 
£ G L, W ® Z/e is an irreducible G(Z/£)-module and X e ^ (W © W) g> Z/i as G(Z/£)-module. 
(This is El Thm. 5.4]; see also 01 for the analogous statment for Q^-modules.) The result now 
follows from Proposition l2.9l □ 
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